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SHOCK WAVES IN DILATANT AND NONDILATANT MEDIA

S. G. Artyshev and S. Z. Dunin UDC 622.235.5+539.3+539.214

With the explosion of a charge in an isotropic brittle medium at rest and compressed by
a lithostatic pressure py, a shock wave starts to propagate outward from the center of the
explosion. A step-by-step analysis of the character of the breakdown as a function of the
properties of the rock and the lithostatic pressure is given in [1-3], where the breakdown
of the rock is described without taking account of the dilatant character of the behavior of
the medium, i.e., without taking account of the possibility of a change in the volumetric de-
formation with shear [4].

The present article discusses the possibility of the propagation of a spherically symme-
trical breakdown wave in dilatant and nondilatant plastic media.

The source of the breakdown wave, located in a spherical cavity (cavern) with an initial
radius Qo, 1s a gas having an initial pressure py,. It is assumed that the Prandtl plasti-
city condition is satisfied behind the front of the wave:

0, — 0y = k -+ m(o, + 20,), 1)

where k and m are known constants; o, and 0 ¢ are the stresses in a radial direction and in
directions orthogonal to it, respectively. The flow of the rock behind the front is described
by the equations of the convservation of momentum and mass and the equation of dilatancy:

p(du/dt -+ uduldr) = do,/or + 2(c, — o6,)/r; (2)
dp/dt -+ udp/dr + p(du/dr + 2ulr) = 0; (3
Qu/dr + 2ulr = A(p, 6,)|0uldr — ulr|, (4)

where p is the density of the medium; u is the mass velocity; r is the radius; t is the time;

and A{p, 0p) is the rate of dilatancy [4]. At the front of the breakdown wave, the conditions
of the conservation of mass and momentum are adopted:

ug(t) = ef(t)R(2); (5)
ps) — py = poe fORY(Y), (6)

where R(t) and ﬁ(t) are the radius and the velocity of the front; pyp = 9.8lepoh is the litho-
static pressure at the depth h; e =1 — po/p¢ is the discontinuity of the density at the
front; and pf = —o0f is the pressure at the front. Here and in what follows the subscript

f denotes values of the quantities at the front, while the subscript O denotes values in the
unperturbed medium.
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It is convenient to write Egqs. (2)-(4) in Lagrangian variables (ro, t). Denoting the
new unknown functions of the variables (ro, t) by the same letters u, p, 0., and r, taking
account of (1) we obtain that the following equations are satisfied in the region behind the
front [t > t;(re), where t;(ro) is a function inverse to the function R(t)]:

f) k 20 (7
ary \ira (p - 3m)] = por%r“ ’ 6?"

or Ty Py,

org 2 p’ (8)

o S
AF{ ln(prs)—_[—wlnp =0, 9)
there a = 6m/(2m + 1); p(re, t) =—0,(ro, t).
The equation of dilatancy (9) was obtained under the assumption that 3u/dr<C 0 in (4).

We make two additional assumptions, which allow us to go over from equations in partial
derivatives to an ordinary differential equation.

1. The rate of dilatancy A is a constant. Then Eq. (9) assumes the form
D (pAF1p3AY =
ot (p r ) O’

which can be integrated explicitlys:

_ ¢ (.ﬂ_ )2—11 (10)
Y (r07 t) - pf ( 1 (rO)) r(ro.t) ’
where n = (2 — A)/ (@ + 7).
Integration of (8) gives
E(®) .
R @)~ g ) = (4 000 | iy ds a1
from which it follows that
. ar (r, t R@ Y,
u(ro t)= L(BrTo—) =e5() ('r (ro(,)t)) R (). (12)

The rock being broken down attains its limiting compression at the front, i.e., eg(t) =
const [5]. 1In this case, Eq. (11) goes over into

r (e, 1) = (1 —eg) r§H 4 eg R (1), (13)

and the formula (10) for the decrease in density of the medium can be written in terms of
Euler coordinates:

o= 1o (29)7)

b
where
1
(A —epapt e R ()" <r < R(2).

We introduce the dimensionless quantities T = t/8, Xo = To/Qos ¥ (X0, T) = .r(deXo, BT)/
Qos Y(T) = R(BT)/Q0, and 7(Xoe,B1) = p(agxo, BT)/pko, where as the unit of time we take

10 rn
T et (] —_
B V/9.80665 ° ]/p,w

(o, m3 po, g/cm®; pko, kbar; B, msec). After integration in the limits from r, to R(t),
taking account of (12), (13), (5), and (6), Eq. (7) assumes the form

A(’—;) ¥¥ 4 B(%) ¥ 4 C (a0 =0, (14)
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where

a(3)= | wemman

1
2 () = (eg + (1 —eg) EHO)™H

B(%) 1 —i—nA(—%”—,"—) e f g3 (2) dE;

%/Y
1 pgh 1
C ($0, T) = S—f% 104 — c1— z% (x—;) [S_f it (I‘O, T.) -— Cl];
£ Pro
L _* 403
= ef 3mpy, 103

(k, kg/cm®; h, m).

Setting xo = 1 and assigning the law of the change in the pressure x(l, t) in the ex-
plosion cavity, Eq. (14) can be used as the differential equation with respect to the dimen-
sionless radius of the front Y(tr). Under these circumstances, the initial data will be

YO =1, Y0 =1/ (1-89’-‘10—4).

ef pko

After finding Y(t), Eq. (14) makes it possible to calculate the pressure w(xo, t) over the
whole zome through which the wave has passed, 1< xo < Y(1).

In the present work, the condition in the explosion cavity was taken in two forms:
a(1, 1) = (ay/r(ay, 1 =y, 1), (15)

which corresponds to the postulation of adiabatic expansion of the cavity with a constant
adiabat y [6], and on the basis of an experimentally established dependence from [7], which,
in our notation, has the form

(1, 7) =(1 + —f—r) exp (%(1 —(1 +%~c)2)), (16)

where t, is a constant (msec).

Figures 1-4 give some results of calculations, obtained for the following initial data
[7]: pgo = 62 kbar; m = 0.45; k = 0.35 kg/cm?; po = 2.5 g/em®; h = 1000 m; e = 0.2; Qo =
7m; y=1.5; t, = 2 msec;. and A = 0.14 or A = 0. The dependencies of the radii of the front
R and the cavity a on the time t are given in Fig. 1, where the solid lines correspond to the
boundary condition (15) and the dashed lines to the boundary condition (16). Here and in
what follows, the letter D relates to the case where the dilatancy is taken into econsidera-
tion (A # 0). The decrease in the density of the broken rock due to dilatancy is illustrated
in Fig. 2; the curves 1 and 1' relate to the moment of time 2.7 msec; 2 and 2' relate to 10.8
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msec; 3 and 3' relate to 26 msec. Curves 1-3 correspond to the boundary condition (15) and
1'-3" to the boundary condition (16). The radial stress o, as a functionof the Euler coor-
dinate ris shown in Fig. 3 for boundary condition (15) and in Fig. 4 for boundary condition
(16). 1In Fig. 3, curves 1 and 1D relate to the moment of time 0.9 msec; 2 and 2D relate to
9.9 msec; and 3 and 3D relate to 22.5 msec. In Fig. 4, the corresponding times are equal to
0.9, 2.7, and 16.2 msec.

Calculations showed that, starting from some moment of time, an internal zone of super-
compression is formed in the dispersed rock (the maximum on curves 2, 3, and 3D of Fig. 3 and
on curves 2, 2D, 3, and 3D of Fig. 4). This phenomenon is observed numerically both taking
account and not taking account of dilatamcy. As can be seen, taking account of dilatancy
leads to a rise in the velocity of the front and to a decrease in the rate of expansion of
the cavity (see Fig. 1), as well as to an increase of the pressure in the rock (see Figs. 3
and 4). The decrease in the density due to dilatancy can reach considerable proportions (up
to 30% of the pressure at the front, Fig. 2).

Calculations made for other values of pko, €f, Y, and A gave approximately the same qual-
itative result.

The authors wish to express their thanks to B. L. Rozhdestvenskii, E. E. Lovetskii, and
V. K. Sirotkin for their evaluation of and intérest in the work.

LITERATURE CITED

1. S. S. Grigoryan, "Questions in the mathematical theory of the deformation and breakdown
of hard rocks," Prikl. Mat. Mekh., 31, No. 4 (1967).

2. A. B. Bagdasaryan, "Exact solutions of the problem of the action of the explosion of a
concentrated charge in a brittle solid medium," Izv. Akad. Nauk ArmSSR, Mekh., 21,
No. 5 (1968).

3. A. B. Bagdasaryan, Calculation of the action of an explosion in brittle rock," Zh. Prikl.
Mekh. Tekh. Fiz., No. 5 (1970).

4., V. N. Nikolaevskii, "The connection between volumetric and shear deformations and shock
waves in soft soils," Dokl. Akad. Nauk SSSR, 175, No. 5 (1967).

5. E. I. Andrianskii and V. N. Koryawov, "A shock wave in a variably densified medium,"
Dokl. Akad. Nauk SSSR, 128, No. 2 (1959).

6. A. S. Kompaneets, '"Shock waves in a plastic densified medium," Dokl. Akad. Nauk SSSR,
109, No. 1 (1956).

7. E. Fachioli and A.H. Ang, "A discrete Euler model of the propagation of a spherical wave
in a compressed medium," in: The Action of a Nuclear Explesion [Russian translation],
Mir, Moscow (1971).

508



